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Introduction
Eigenbeam space division multiplexing (E-SDM) is a wellknown linear precoding MIMO scheme, in which precoding and decoding matrices are given by singular-value decomposition (SVD) or eigenvalue decomposition of a MIMO channel matrix [1] . E-SDM is optimum in terms of bit-rate when a water-filling (WF) is applied to determine the transmit power [2] . Computationally reasonable bit and power allocation methods have been studied in [3] , [4] for E-SDM. The SVD, however, remains requiring a high computational cost [5] , which cannot be ignored from a practical viewpoint.
Tomlinson-Harashima precoding (THP) is a non-linear precoding scheme, which shows feasible bit-rate and bit error rate (BER) performance, whose precoder is given by relatively low complexity algorithms such as QR or Cholesky decompositions [6] , [7] . THP has been studied for more than two decades, whose new attractive characteristics have been studied in the last five years [7] - [10] .
For MIMO systems, we have proposed a simple precoding scheme based on zero-forcing (ZF) THP [7] , [8] . The ZF-THP has two characteristics: permutation of the transmitted signals and unequal bit allocation. More specifically, substream permutations are installed at the transmitter, and its permutation pattern is selected so as to maximize its bit-rate or sum-rate. For convenience, we call the ZF-THP a maximum bit-rate (MBR) THP. In the MBR-THP, a MIMO channel is decomposed into independent paral- lel substreams, which is similar to the decomposed MIMO channel in E-SDM. Each parallel substream has one gain like a singular value of the MIMO channel matrix. By using this specific characteristic, a different number of bits has been allocated to each substream to improve the BER performance [8] . The scheme has been computationally efficient and achieved relatively good BER performance in comparison to the other precoding schemes if an appropriate bit allocation pattern is selected. The pattern of the bit allocation has been fixed to avoid the additional computational cost for the bit allocation. This fixed bit allocation strategy is, however, generally not appropriate for time-varying fading MIMO channels.
In this letter, we apply an adaptive bit allocation to the MBR-THP to improve its performance. We determine the best bit allocation pattern for a given MIMO channel to keep good performance of the MBR-THP even in slowly timevarying MIMO channels. We apply the bit allocation originally developed for E-SDM [3] to the MBR-THP. However, unlike the scheme in [3] , we adopt uniform transmit power allocation since THP is a nonlinear precoder. It has been shown in [11] that the uniform power allocation strategy is appropriate for THP schemes if the transmit power is sufficiently high. The proposed method is different from E-SDM in [3] in two points. The first point is the difference in the decomposition algorithm applied to MIMO channels. We apply modified sorted QR decomposition (MSQRD) [7] while SVD or eigenvalue decomposition is done in [3] . Hence, the computational complexity for the decomposition algorithm is reduced. The second point is the difference in the power allocation strategy. Whereas we apply the uniform power allocation, the scheme in [3] does the WF to determine the optimum power in each substream. The power allocation strategy of the proposed method is therefore simplified. Numerical examples are provided to demonstrate the BER performance of the proposed method.
In this letter, C and M denote a set of complex numbers and a set of complex symbols after digital modulation, respectively. Symbols C N×1 , M N×1 , and C N×M stand for a set of N × 1 complex vectors, a set of N × 1 complex symbol vectors, and a set of N × M complex matrices.
[·] T and [·] H indicate the transpose of a matrix and the Hermitian transpose of a complex matrix, whereas diag{x} represents a diagonal matrix whose diagonal elements equals the corresponding entries of the vector x. The pseudo-inverse of matrix A is defined as
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Let us consider a MIMO-OFDM system, where the transmitter sends parallel signals with N tx transmit antennas and the receiver receives them with N rx receive antennas. In the following, we assume that N rx = N tx = N for convenience; but the discussion can be easily extended to general cases where N rx ≥ N tx . We focus on one subcarrier of the MIMO-OFDM system, which is equivalent to a narrowband MIMO system.
The upper block diagram in Fig. 1 illustrates a ZF-THP with substream permutations [7] . A flat MIMO channel matrix is denoted by H ∈ C N×N , whose (i, j)-th element, H i j ∈ C, is a channel gain of the flat channel between the transmit antenna j and the receive antenna i. A transmitted symbol vector and a precoded signal vector are represented by s ∈ M N×1 and x ∈ C N×1 , respectively. Matrices B ∈ C N×N and W p ∈ C N×N are a precoding matrix and a decoding matrix. A permutation matrix E determines the connection between precoder outputs and transmit antenna elements, whereas δ is a real-valued factor, which attenuates the precoded signals to keep the transmit power within a certain value. A received signal vector y is expressed as
where n ∈ C N×1 is the noise vector whose elements are independent circularly symmetric complex Gaussian random valuables with zero mean and variance σ 2 n [12] . The blocks indicated by "MOD" in Fig. 1 denote the modulo operation, which is installed at the precoder to suppress the amplitude of the precoded signals [13] . The variance of two-dimensional signals with M-array square constellations, such as M-QAM, is given by 2(M − 1)/3, whereas that of the THP signals is 2M/3 [13] . We therefore need to attenuate the transmitted signal x by
where M j is the number of constellations of the j-th transmitted symbol, and K ≤ N denotes the number of active substreams. The active substream is defined as a substream where the number of bits to be allocated is not zero. The lower figure of Fig. 1 is an alternative representation of the ZF-THP, where a ∈ C N×1 is a perturbation vector that is produced by the modulo operation [9] . The precoded signal vector is then given by
The decoding matrix (ZF weight matrix) W p ∈ C N×N is given by
The estimator of d is given byd = W p y, and the estimated symbol vector isŝ =d − a.
Suppose that the QR decomposition of HE is given by HE = QR, where Q ∈ C N×N satisfies Q H Q = I. R ∈ C N×N is an upper triangular matrix whose (i, j)th element is r i j . If we define a diagonal matrix, G = diag{ [r 11 r 22 · · · r NN ] }, then B is given by [13] 
Equation (3) is re-expressed as
Multiplying both sides by Q H results in
where y ∈ C N×1 and n ∈ C N×1 . It follows from Eq. (7) that
Removing a from Eq. (8) leads toŝ = s + δG −1 n , since d = s + a andd =ŝ + a. The SNR in the i-th substream is then given by
where P s = E[s H s], since equal transmit power is allocated to each active substream. The diagonal elements of G depend on the permutation matrix E. In the original MBR-THP [7] , [8] , the modified sorted QR decomposition (MSQRD) is applied to obtain the matrices B, G and E. The diagonal elements of G then satisfy the relation: r 11 ≥ r 22 ≥ · · · ≥ r NN . It is therefore obvious from Eq. (9) that γ 1 ≥ γ 2 ≥ · · · ≥ γ N . A fixed bit pattern has been allocated to each substream of the MBR-THP in [7] , [8] .
Adaptive Bit Allocation for MBR-THP
Although E-SDM is different from the MBR-THP, the relation: γ 1 ≥ γ 2 ≥ · · · ≥ γ N arises also in E-SDM, which Table 2 Proposed bit allocation scheme for MBR-THP.
H, M and possible bit allocation patterns are given. 1
Produce G, B and E by the MSQRD. 2 Calculate P b over the entire bit allocation patterns. 3 Find a bit allocation pattern which minimizes P b . 4
Transmit a signal based on the determined bit allocation.
has been utilized to develop an adaptive bit allocation for E-SDM [3] . We develop here a similar adaptive bit allocation to obtain a further performance improvement for the MBR-THP. Let us define a BER averaged over all the substreams as
where P b (·) is the BER function depending on modulation schemes [3] and m i is the number of the bits in the i-th substream, which should satisfy the relation: m 1 ≥ m 2 ≥ · · · ≥ m N since γ 1 ≥ γ 2 ≥ · · · ≥ γ N . Our objective is to find a bit allocation pattern that minimizes P b . The approximated BER P b for QAM is given by [3] 
where γ denotes an SNR, α and β depend on the number of bit m i as shown in Table 1 , and erfc(·) is the complementary error function. It is known that the upper-bound of P b is given by
This upper-bound for Eq. (11) has been utilized in [3] to simplify the calculation. We also use the upper-bound to calculate P b in Eq. (10). Table 2 summarizes the proposed adaptive bit allocation, which requires the information about the MIMO channel matrix, H, and the total number of bits, M. We list the bit allocation patterns utilized for our scheme in Table 3 , where a combination of N and M is denoted by (N, M), and (m 1 m 2 . . . m N ) represents the number of bits in each substream. In Table 3 , all the possible bit allocation patterns subject to m 1 ≥ m 2 ≥ · · · ≥ m N are listed for a given (N, M) .
In the first step of the adaptive bit allocation, we decompose H into the matrices G, B and E by using the MSQRD. We then calculate P b by using Eq. (10) over the entire bit allocation patterns in Table 3 for a given (N, M) in the second step. In Eq. (12) , γ in the i-th substream is given by Eq. (9) . In the third step, we determine a bit allocation pattern that minimizes P b , and we transmit a signal vector based on the determined bit allocation pattern in the final step. Now let us evaluate the computational complexity of the scheme in Table 2 . In the first step, the MSQRD requires about 2N 3 flops, which is much less than 22N 3 flops for SVD [5] in E-SDM. In the second step, we calculate the average BER in Eq. (10) over all the bit allocation patterns, L, where L denotes the maximum number of the bit allocation patterns. To execute this process, we need first to calculate the upper-bound of the BER in Eq. (12) for three modulation schemes defined in Table 1 , and for given SNR in the i-th substream, γ i , where i = 1, 2, · · · , N. Equation (12) consists of one real division, the calculation of the exponential function and one real multiplication. The total number of Eq. (12) to be calculated is given by 3N. The number is independent of the maximum number of bit allocation patterns, L. Next, we have to calculate the average BER in Eq. (10) for all the bit allocation patterns. The total number of the summations required for calculating all the average BER is LN. Multiplying the integer value m i in Eq. (10) can be incorporated into α i in Eq. (12), then we can ignore its cost. The result of the complexity analysis is shown in Table 4 . We also show the values when N = 8 and L = 10. Since the MSQRD and SVD require respectively about 1024 and 11264 flops for its execution when N = 8, we can say that the computational complexity of the second step is much lower than that of the decomposition algorithms. Regarding the third and fourth steps, we except them from the analysis since their complexity is obviously negligible.
Numerical Examples
We demonstrate some numerical examples to evaluate the proposed adaptive bit allocation. The simulation parameters are listed in Table 5 . The MIMO channel model is based on the Kronecker model [14] . Figure 2 shows BER curves of E-SDM and the MBR-THP as a function of SNR. We assume uncorrelated MIMO channel, where the correlation factors ρ t and ρ r for the trans- mitter and the receiver sides are zero. Two cases are demonstrated for E-SDM. In one case, we apply the power allocation using the WF, and in the other case, we do the equal power allocation (labeled as EPA in the figure) . The upperbound in Eq. (12) is applied to calculate average BERs for the adaptive bit allocation. For the MBR-THP, the cases of using Eq. (11) and Eq. (12) for the average BER calculation are demonstrated. A BER curve with the fixed bit allocation is also shown for the reference, where we take (666420) as the bit allocation pattern since it has shown the best BER performance when (N, M) = (6, 24) [8] .
We can see first that applying the adaptive bit allocation to the MBR-THP leads to the performance improvement. As for the MBR-THP with the adaptive bit allocation, the difference in the BER calculation gives no impact. E-SDM with the power allocation using the WF shows the best BER performance. E-SDM with EPA is degraded by 1.5 dB from the best BER curve at the BER of 10 −4 , where the MBR-THP with adaptive bit allocation is degraded by about 0.7 dB from the BER of E-SDM with EPA.
In Fig. 3 , we compare E-SDM and the MBR-THP when uncorrelated and correlated channels are applied. The correlation factors are ρ t = ρ r = 0.7 for the correlated channel. The upper-bound in Eq. (12) is used for the adaptive bit allocation in all the schemes. The BER performance degrades in correlated MIMO channels regardless of the precoding scheme since the channel condition tends to be poor. When we compare the performance of the precoding schemes, E-SDM with optimum power allocation by using the WF outperforms the other cases. E-SDM with EPA outperforms the MBR-THP by about 1 dB at the BER of 10 −4 when (N, M) = (8, 32) in the uncorrelated channel case, but the difference decreases when (N, M) = (4, 16). On the other hand, in the correlated channel case with EPA, E-SDM and the MBR-THP show almost the same BER performance. In the correlated channel condition, MIMO channel matrices tend to be ill-conditioned with high probability. This means that, in E-SDM, the SNR in the first substream tends to be extremely higher than that of the other substreams. The SNRs of the substreams except for the first substream are then degraded significantly so that they are almost equivalent to that of the MBR-THP. As shown in Fig. 3 , the difference of the BER performance between two schemes can be small since the BER performance is dominated by these degraded substreams.
These results show that the MBR-THP is comparable with E-SDM in the BER performance if the equal power allocation is adopted.
Conclusions
The adaptive bit allocation for the MBR-THP has been proposed. The number of bits in each substream was determined adaptively so as to minimize the average BER.
The numerical examples demonstrated that the BER performance was improved by using the proposed bit allocation in comparison to the fixed bit allocation. In addition, the proposed method achieved comparable BER performance with E-SDM if an equal power is allocated in the correlated channel.
